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ABSTRACT: We considered the development of solution for initial value problems of third order ordinary 

differential equations, with constructed orthogonal polynomial of weight function        in the interval 

     . It was used as our basis function in a collocation and interpolation technique. By investigating the basic 

properties, from the findings it shows that the method is accurate and convergent. We considered three 

examples, the results obtained when compared with existing method are favourable. 
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I. INTRODUCTION 

Many problems in Science and Engineering yields Initial Value Problems (IVPs) of third order ordinary 

differential equations (ODEs) as shown below: 

                                            (1) 

 

where   is continuous in       arises in many areas of physical problems. 

Some of these problems have no analytical solution, thereby numerical schemes are developed to solve the 

problems. The method of reducing (1) to a system of first order differential equations has been reported to 

increase the dimension of the problem and therefore results in more computations (see Bun (1992)). Milne 

(1953), proposed Block method for ODEs. Many researchers used different orthogonal polynomials as the basis 

function to solve the problems numerically. Chebyshev orthogonal polynomial was used by Lancsos (1983) also 

Tanner (1979) and Dahlguist (1979). Adeniyi, Alabi and Folaranmi (2008), Adeyefa, Akinola, Folaranmi and 

Owolabi (2016), Joseph, Adeniyi and Adeyefa (2018), all of these researchers constructed orthogonal 

polynomials in certain interval for different weight functions. In this work, an orthogonal polynomial 

constructed for the interval       with respect to the weight function        is adopted to solve third order 

ODEs for the Initial Value Problem (1). 

 

II. THE ORTHOGONAL POLYNOMIAL CONSTRUCTION 

For the equation below 

 ∫  
 

 

                       (2) 

with 

    {
     
     

 

     is continuous and positive in the interval       such that the moments 

   ∫  
 

 

                    (3) 

 

exists. 

The integral 

 ⟨     ⟩  ∫  
 

 

                 (4) 

 

is the inner product of the polynomials    and   . For orthogonality, 

 ⟨     ⟩  ∫  
 

 

                                (5) 
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For orthogonal polynomials valid in       with respect to        as the basis function                  of 

the approximant 

       ∑  

 

   

              (6) 

For this purpose, let       be a polynomial of the nth order defined by 

       ∑  

 

   

  
   

   (7) 

 

The requirements for the construction are that 

         (8) 

 

and 

∫  
 

 

                      

Using the conditions above, the following orthogonal polynomial were generated 
       

          

                

                     

                             

                                      

                                               

                                                          

 

 

III. DEVELOPMENT OF TWO-STEP METHOD WITH  
  

 

 

 AS THE OFF-STEP POINT 

To achieve this, the analytic solution of (1) is approximated by the trial solution of the form 

  ‾    ∑  

     

   

             (9) 

 

where           and   are the number of collocation and interpolation points respectively. The function       

is the      degree orthogonal polynomial valid in the range of integration of      . The third derivative of     is 

given by 

  ‾        ∑  

     

   

    
            ‾  ‾    ‾     (10) 

 

The system of equations gotten from above will be solved by Gaussian Elimination Method. In deriving this 

method, set     and     in (9) and (10) to give two equations each of degree six as follows. 

 ∑ 

 

   

         ‾         (11) 

 

 ∑  

 

   

    
            ‾  ‾    ‾     (12) 

Interpolate (11) at            
 

 
   ; and collocate (12) at            

 

 
   , 2; to get the system of 

equations: 
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 (13) 

System (1) is solved to obtain the values of the unknown parameters            as follows: 
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 (14) 

 

Substituting (14) in (11) yields a continuous implicit two-step method in the form 

 

 ‾    ∑  

 

   

            
 
    

  
 
 
   (∑  

 

   

             
 
    

  
 
 
) 

(15) 

 

Remark: It is to be noted here and elsewhere that     ‾     for various values of   

From (15), by letting   
      

 
, the parameters   's and   's are given by 
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By evaluating (15) at     , the main method is obtained as: 

                
  

     
(             

  
 
 
                  ) (16) 

Differentiating (15) gives the continuous coefficients: 
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 (17) 

The second derivatives of continuous function (15) yield continuous coefficients: 
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The additional methods to be coupled with the main method (17) are obtained by evaluating the first and second 

derivatives of (15) at 

    
  

 

 

           to get: 
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Equations      and           are solved using Shampine and Watts (1969) 

block formula defined as 
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This leads to the matrices: 
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Substituting A, B, D and E into equation (28) yields the following explicit schemes: 
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IV. ANALYSIS OF THE NEW METHODS 

The main methods derived are discrete schemes belonging to the class of LMMs of the form: 

 ∑ 

 

   

         ∑ 

 

   

       (38) 

 

Following Futunla (1988) and Lambert (1973), we define the Local Truncation Error (LTE) associated with (38) 

by difference operator; 

           ∑  

 

   

[                       ] (39) 

where      is an arbitrary function, continuously differentiable on      . 
Expanding (38) in Taylor's Series about the point  , we obtain the expression 

                                 
           (40) 

 

where the                  are obtained 
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    ∑  

 

   

     (42) 

    
 

  
∑  

 

   

      (43) 

 

 

   
 

  
*∑  

 

   

                      ∑  

 

   

    
   +

 (44) 

 

In the sense of Lambert (1973), equation (38) is of order   if                             and 

      . The        is called the error constant and      
            is the Principal Local truncation 

error at the point   . The equation (17) have order     and error constants      
  

     
. 

 

Zero stability : The LMM (38) is said to be Zero-stable if no root of the first characteristic polynomial      

has modulus greater than one and if and only if every root of modulus one has multiplicity not greater than the 

order of the differential equation. 

 

To analyze the Zero-stability of the method, we present equations (29) -(37).in the block form 

                      

where   is a fixed mesh size within a block. In line with these, equations      - (37) give 
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The first characteristic polynomial of the block hybrid method is given by 

                   (45) 

Substituting    and    in equation (44) and solving for  , the values of   are obtained as 0 and 1. According to 

Fatunla            , the block method equations (29)-(37) are zero-stable, since from (45),       , satisfy 

|  |        and for those roots with |  |   , the multiplicity does not exceed three. 

1.0.2 Consistency 

The LMM (1) is said to be consistent if it has order     and the first and second characteristic polynomials 

which are defined respectively, as 

      ∑  

 

   

   
  (46) 
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(47) 

 

where   is the principal root, satisfy the following conditions: 

 ∑  

 

   

     (48) 

 

 

              (49) 

 

and 

                (50) 

 

(Henrichi, 1962) 

The scheme (17) is of order       and have been investigated to satisfy conditions (I)-(III) Hence, the 

scheme is consistent. 

 

Convergence : By the theorem of Dahlguist, the necessary and sufficient condition for an LMM to be 

convergent, is that, it is consistent and zero-stable. The methods satisfy the two conditions stated in definition 

above and hence the method is convergent. 

 

Region of Absolute Stability (RAS) 

For the two-step method with Off-step Point 
 

 
, we have 
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The RAS is shown in the figure below 

 

Figure 1: Region of Absolute Stability for Two-step with Off-step Point 
 

 
 

 

V. APPLICATION OF THE METHODS 

Three problems will be considered in this section. 

 

Problem 1 

Consider the constant-coefficient non-homogeneous problem 

                              

                         
 

sourced from Awoyemi et al (2014) and whose exact solution is                    . 

This was solved using step length      . 

Problem 2 

Here, the constant coefficient homogeneous problem sourced from Anake et al (2013): 
         

                       
 

whose analytic solution is                       

was solved with step size      . 

Problem 3 

The stiff problem 
                       

                            
 

whose true solution is                will be solved over step size          . 

 

VI. TABLES OF RESULTS 

 

Table 1: Results for Problem 1 

  Exact solution Two-steps with   
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Table 2: Results for Problem 2 

  Exact solution Two-steps with 

    
 

 
 

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

 

 

Table 3: Results for Problem 3 

  Exact solution Two-steps with   
 

 
 

                                            

                                            

                                            

                                            

                                            

                                            

                                            

 

4      Tables of Errors 

Table 4:   Error of the Methods for Problem 1 

  Two-steps with   
 

 
 ERROR IN 

  AWOYEMI 
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Table 5: Error of the Methods for Problem 2 

  Two-steps with   
 

 
 ERROR IN Anake 

         

                            

                             

                              

                              

                             

                              

                             

                              

                              

                              

 

Table 6: Error of the Methods for Problem 3 

 

  Two-steps with   
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VII. CONCLUSION 

Continuous hybrid scheme with off point   
 

 
 was used with constructed orthogonal polynomials as basis 

function in collocation and interpolation technique. The method was analyzed, and shown to be consistent and 

zero stable, and hence convergent. Three selected problems have been considered to test the effectiveness and 

accuracy of the method. From our table of results, it is clear that the method is accurate and effective since the 

approximation closely estimate the analytic solution. 
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